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Optical character recognition

Example (The MNIST database)

» MNIST!, data = « image-label »
» n=60,000; d=700; classes = 10
» Kernel error rate = 0.56 %,

» Best error rate = 0.4 % .

1http://yann.Iecun.com/exdb/mnist/index.html
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Learning challenges: the size effect

10°
(RCV 1] w
Bio =3
10|\ computing <( Scene analysis
Object
recognition

MNIST

» functional universality
10

2. from data:
Lucy >
10¢ 10° 10° 107
Sample size

3 key issues

1. learn any problem:

Number of variables

Geostatistic

> statistical consistency
3. with large data sets:

» computational efficency

kernel machines adress these three issues
(up to a certain point regarding efficency)
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Kernel machines

Definition (Kernel machines)

((XHyI)I 1,n X) <Z a,k(x xl + Zﬂjqj )
«a et B: parameters to be estimated.

Z a;i(x + Bo + P1x splines

lIx—x; 112
A(x) = mgn(Z ajexp b l +ﬁo) SVM
iel
P(y[x) = S exp (Z ol —yy (xx; + b)z) exponential family
iel
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Tools: the functional framework
m In the beginning was the kernel
m Kernel and hypothesis set
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In the beginning was the kenrel...

a function of two variable k from X x X to R

Definition (Positive kernel)

A kernel k(s, t) on X is said to be positive

» if it is symetric: k(s, t) = k(t,s)
» an if for any finite positive interger n:

n n
V{Oz,'},'zl’n € ]R,V{X,'},':l’,-, e X, Z ZO&,‘O&jk(X,‘,Xj) >0

i=1 j=1

it is strictly positive if for a; £ 0

i ia;ajk(x,-,xj-) >0

i=1 j=1
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Introduction Tools: the functional framework
000 00000000000 0000000000000 000000000
. .
Examples of positive kernels

the linear kernel: s, t € R,

symetric: s't =t's

n n n n
positive: Z Z ajojk(xi,xj) = Z Z ajayx; x;

i=1 j=1
n T n
= (Z Oé,'X,') Z Olej =
i=1 j=1

for some g : RY - R,

i=1 j=1
2

n
§ QX
i=1

the product kernel:  k(s,t) = g(s)g(t)

i=1 j=1

N (2": aig(xi)) (Xn: Otjg(xj)> = <Xn: a,-g(xi)>
& k(s,t) = (¢s, Pr)

i=1 j=1

k is positive <
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positive definite Kernel (PDK) algebra (closure)

if ki(s,t) and kx(s,t) are two positive kernels

» DPK are a convex cone: Vai € RT  arki(s,t) + ka(s, t)
» product kernel ki(s,t)ka(s,t)
proofs

> by linearity:

ZZan arki(i, j)k2(i,j))= a1 ZZQ ajky (1, J)+Zzaalk2(l J)

i=1 j=1 i=1 j=1 1111

» by linearity: Z Z ajo (h(xi)h(x;)) = Z aitp(xi) (Z ajip(x;))
j=1

i=1 j=1

> assuming g S.t. ki(s,t) = ZZW(S)W(t)

Z E [eF1ed] kl(xnxj)kZ(xnxj) = Z Z eF1eY] Z X )W(Xj)kz(xnxj))

i=1 j=1 11_[1 4

= Z Z Z aie(xi)) (aybe(x;)) ka(xi,x;)

i=1 j=1
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Kernel engineering: building PDK

» for any polynomial with positive coef. ¢ from R to IR

¢ (k(s 1))

. y o k(W(s), W(t))
> if ¢ from R to R, is minimum in 0
K(5,8) = (s + 1) — o(s — 1)
» convolution of two positive kernels is a positive kernel

Kl*Kz

the Gaussian kernel is a PDK
exp(—[ls —t[|?) = exp(—|s||* — ||t|> —2sTt)
= exp(—|1s||?) exp(—[[t]|*) exp(2s " t)

» if Wis a function from RY to R?

> s'tisaPDK and function exp as the limit of positive series expansion,
so exp(2s "t) is a PDK

> exp(—||s/|?) exp(—||t/|?) is a PDK as a product kernel
» the product of two PDK is a PDK
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some examples of PD kernels...
type name k(s,t)
. . 2

radial gaussian exp (—%) , r=|s—tf

radial laplacian exp(—r/b)

radial rationnal 7%

radial | loc. gauss. | max (0,1 — 3—’b)dexp(—%)
non stat. X2 exp(—r/b), r=>" %
projective | polynomial (sTt)P
projective affine (s"t+ b)P
projective cosine stt/|Is||tll
projective | correlation exp m — b)

Most of the kernels depends on a quantity b called the bandwidth
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kernels for objects and structures

kernels on histograms and probability distributions
K(p(x). () = [ Ki(p(x). () Plx) e

kernel on strings

» spectral string kernel k(s,t) =, dul(s)du(t)

» using sub sequences

» similarities by alignements k(s,t) = > exp(B(s, t, 7))
kernels on graphs

» the pseudo inverse of the (regularized) graph Laplacian

L=D-A A is the adjency matrixD the degree matrix

» diffusion kernels ﬁepr"

» subgraph kernel convolution (using random walks)

and kernels on heterogeneous data (image), HMM, automata...

Shawe-Taylor & Cristianini's Book, 2004 ; JP Vert, 2006
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Roadmap
Introduction
Tools: the functional framework
m Kernel and hypothesis set
Kernel machines and regularization path

El Tuning the kernel: MKL

Conclusion
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From kernel to functions

Ho = {f| me < oo f; € Rit; € X, f(x) =D fik(x, t)}

]
let define the bilinear form (g(x) = =7 gik(x,s))) :

my Mg

Vf,g € Ho, => > fa

j=1i=1

with any postive kernel, a hypothesis set H = g can be constructed
with its metric
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RKHS
Definition (reproducing kernel Hibert space (RKHS))

a Hilbert space H embeded with the inner product (., .)#; is said to be
with reproduicing kernel if it exists a positive kernel k such that

Vs € X, k(.,s) € HetVf e H, f(s)=(f(.),k(s,.))n

positive kernel < RKHS

» any function is pointwise defined

» defines the inner product

» it defines the regularity (smoothness) of the hypothesis set
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functional differentiation in RKHS

Let J be a functional

J: H— R
Fro J(F) examples: h(f) = ||f||2,J2(f) = f(x),

J directional derivative in direction g at point f

lim  J(f +eg)— J()
e—0 €

dJ(f,g) =

Gradient V (f)

Vy: H — H
f — V

e = (Ve

exercice: find out V,(f) et V,(f)
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other kernels (what realy matters)

> finite kernels T
k(sv t) = (¢1 (S), B ¢P(s)) (d)l(t)’ - ¢P(t))
» Mercer kernels

positive on a compact set & k(s,t) =227 1 Ajgi(s)o(t)
» positive kernels

> positive semi-definite
» conditionnaly positive (for some functions p;)
n n n

V{xi}icim Voi, > aipi(x) =0; j=1p, > aiajk(xi,x;) >0

i=1 j=1

> symetric non positive .
k(s,t) = tanh(s 't + ap)

> non symetric — non positive
the key property: V ,(f) = k(t,.) holds

C. Ong et al, ICML , 2004
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Let’s summarize

> positive kernels & RKHS =H < regularity |f]|2,

> the key property: V,(f) = k(t,.) holds not only for positive
kernels f(x;) exists (pointwise defined functions)

» universal consistency in RKHS

» the Gram matrix summarize the pairwise comparizons
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Kernel machines and regularization path
m non sparse kernel machines
m regularization path
m piecewise linear regularization path
m sparse kernel machines: SVR
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Interpolation splines

find out f € H such that f(x;) = y;, i=1,...,n

It is an ill posed problem
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Interpolation splines: minimum norm interpolation

min  2lIfl%
such that  f(x;) = yi, i=1,...n
The lagrangian («; Lagrange multipliers)
1 n
L(f, o) = §||f||2 = > ai(f(xi) - i)

i=1
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Interpolation splines: minimum norm interpolation

feH
such that  f(x;) = yi, i=1,...n

{ min  3[|7[[3,

The lagrangian («; Lagrange multipliers)

n

L(F @) = S~ D os(Fx) — 1)

i=1

optimality for £ V¢L(f,a)=0 <« f(x)=> aik(x;x)
i=1
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Interpolation splines: minimum norm interpolation

min 5[/ f]|5
such that  f(x;) = yi, i=1,...n
The lagrangian («; Lagrange multipliers)

n

L(F @) = S~ D os(Fx) — 1)

i=1

optimality for £ V¢L(f,a)=0 <« f(x)=> aik(x;x)

dual formulation (remove f from the Lagrangian):

Rl ZZQ ajk(xj, x; —l—Zay, solution: oTealgfn Q)

IlJl

Ka=y
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Representer theorem

Theorem (Representer theorem)

Let H be a RKHS with kernel k(s, t). Let ¢ be a function from X to R
(loss function) and ® a non decreasing function from IR to R. If there
exists a function f*minimizing:

n
f* = argmin Z Uyi, f(xi)) + ©(IIf11%)
fen
then there exists a vector o € R" such that:

n

(x) = Z aik(x, x;)

i=1

it can be generalized to the semi parametric case: +> 7", f;¢;(x)
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Smoothing splines

introducing the error (the slack) ¢ =

T 2
suchthat f(x;) =y + 5,, i=1,n

three equivalents definitions

1 2 A2
(8" min E.Zl(f(Xi)_yi) +§HfHH

min 3|3 .
H
Fen 2 min > (F(xi) = vi)®
2 € i=
such that 3 (f(x;) —y;)* < C' such that [ 73, < C”
i=1 -

1 A
ing th h ") min S|Ka—y|® + Ja'K
using the representer theorem(S”) min_ SlIKa =yl + Sa Ko
S (K+Ma=y
1 A
usmg m|n fHKOé ylI? + EaTa@a:(KTK+)\I)_1KTy
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From 0 to interpollation

(e 2 A
» problem: min EZ(f(Xi)_Yi) +§||f||31

=

» solution: a(\) = (K+ )ty

» A\ =0:— a(0) = K ly: interpollation

> A=00:— ax)=0:

S={a(\)]|\el0,00[}

also called the solution path
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1D Ridge Regression in the costs domain

the Loss term L as a function

of the penalty term
n 752;"%?75331
_ 5 5 b -
min X —yi) + A
oy fbger— v
1= =
n x
Lla) = ) (xia—y)
i=1 :
Pla) = o? D ¢
Figure: regularization path as a
L(P) —aP £ b\//—D +c function of the criteria L and P.
a,bandc € R



Introduction Tools: the functional framework Kernel machines and regularization path Tuning the kernel: MKL Conclusion

[e]e]e} 000000000000 0000000 @00000000000000 0000000 (e]e]

How to tune the regularization parameter \?

» brute force

foreach \1 < Mo < ... < A\ < ... < Ak

compute a = (K +\e)7ty, k=1K O(Kn3)
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How to tune the regularization parameter \?

» brute force

foreach \1 < Mo < ... < A\ < ... < Ak

compute a = (K +\e)7ty, k=1K O(Kn3)

> warm start
ai = P(ak_1) (using ¢ conjugate gradient iterations)

O(K€n2)
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How to tune the regularization parameter \?

» brute force

foreach \1 < Mo < ... < A\ < ... < Ak

compute a = (K +\e)7ty, k=1K O(Kn3)

> warm start
ai = P(ak_1) (using ¢ conjugate gradient iterations)

2
» warm start + prediction step O(Ktn?)

aip) = ak-1+ pVa(L(ak-1) + \cP(ak—1)) (prediction)
oy = ¢(af(p)) (correction step using CG)

0(K€’n2)
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How to tune the regularization parameter \?

» brute force

foreach \1 < Mo < ... < A\ < ... < Ak

compute a = (K +\e)7ty, k=1K O(Kn3)

> warm start
ai = P(ak_1) (using ¢ conjugate gradient iterations)

2
> warm start + prediction step O(Ktn?)

aip) = ak-1+ pVa(L(ak-1) + \cP(ak—1)) (prediction)
oy = ¢(af(p)) (correction step using CG)
. K¢ n?
» use only the prediction step! O( n )
ap = ak—1+ MV (ak—1) (prediction step)
to do so the regularization path has to be piecewise linear

O(KnZ)
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one cost is piecewise quadratic
and the other one piecewise linear

Solution path is linear &

convex case [Rosset & Zhu, 07]

min  L(a) + AP(«x)
ocR?
a(A+¢) —a(N)

1. Piecewise linearity: lim = constant
e—0

2. optimality VL(a(N) + AVP(a(N) = 0
Via(A+¢e))+ (A+e)VP(a(A+¢)) =0

3. use Taylor expantion

et o) 192 (a(n) + AV2P(a(N)] " VP((N)

(a()\)) = constant and V2P(c()\)) =0
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standart formulation

» portfolio optimization (Markovitz, 1952)
moiln 1a’Qa

with ela=C

> return vs. risk

» efficiency frontier. piecewise linear (Critical path Algo.)

» Sensitivity analysis: standart formulation (Heller, 1954)

min o' Qa+ (c+ )\ Ac) a
a

with  Aa=b+ p Ab

» Parametric programming (see T. Gal's book 1968)

> in the general case of PQP: the reg. path is piecewise linear
» PLP and multi parametric programming



Introduction Tools: the functional framework Kernel machines and regularization path Tuning the kernel: MKL Conclusion

L|P regression classification clustering
Ly | Ly Lasso/LARS L1 L2 SVM | L1 PCA/SVD
Ly | Ly SVR SVM OC SVM
Ly | Ly L1 LAD L1 SVM

Danzig Selector

Table: example of piecewise linear regularization path algorithms.

d
P: Lp=) IBP L: Lp:|f(x)—y|P hinge (yf(x) —1)%
j=1
) o 0 if |f(x)—y|<e
e-insensitive If-(x) _ y| —e else

{ 1f(x) —y[? ifIf(x) -yl <t

Huber's loss: 2t|f(x) —y| —t2  else



Introduction Tools: the functional framework Kernel machines and regularization path Tuning the kernel: MKL Conclusion

[e]e]e} 000000000000 00000000000 e0000000000 0000000 (e]e]

the world is changi

The Gaussian Hare and the Laplacian Tortoise
Computability of L; vs. Ly Regression Estimators.

Portnoy & Koenker 1997
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The consequence of having useful reg. path

an;ifqd Lla)+ AP(a) < {a(N)|Ae][0,00]}

» efficient computing
= piecewise linearity
aNEW _ aOLD + ()\NEW _ )\OLD)u
> piecewise linearity
= either Lor P is L;

» [ criteria

— sparsity: a lot of aj =0

sparsity and active constraints

why does L provide sparsity?
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Definition: strong homogeneity set (variables)
Ih = {j € {1,...,(/} ‘ o = 0}

Regular if L(a) + A\P(«) differentiable and if lo(y) # ()

Ve > 0, 3y’ € B(y, ) such that p(y") # lo(y)
Singular if L(a) + A\P(a) NONdifferentiable and if lp(y) # 0

Je > 0, Vy' € B(y, ) then lp(y’) = lo(y)

singular criteria = sparsity Nikolova, 2000

singurality provides sparsity

and regularization path Tuning the kernel: MKL Conclusion
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Introduction Tools: the functional framework
L1 Splines: introducing sparsity
The L1 error

n
i 1 2 1 E .
(81) Fgl,}r_} 2||f||7-l + A = |£I|
suchthat f(x;) = y; + &, i=1,n

representer theorem:

The dual:

- 1

min Loy —

(D) R 2
such that 0<af <

Typical parametric quadratic program (pQP) but a; # 0
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K-Lasso (Kernel Basis pursuit)

The Kernel Lasso

n
2 1 2 )
(S1) { [nin, - 3llKa —yll +A;|a,l
» Typical parametric quadratic program (pQP) with a; =0
» Piecewise linear regularization path
The dual:

min 3| Kal]?
(D1) «

such that KT (Ka—y)<t

» The K-Danzig selector can be treated the same way
> require to compute K K - no more function f!
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Support vector regression (SVR)

Lasso's dual adaptation:

. 1 H 1
in 3| Kal? min 3113
s.t. K'(Ka—y)<t s.t. |f(xi)) =yl <t, i=1,n

The support vector regression introduce slack variables

in 12 ]
(SVR) { min 3115+ CXleil

such that |f(X,) —y,'| < t—l—f,- 0< f,- | = 1,n

> a typical multi parametric quadratic program (mpQP)
» piecewise linear regularization path

1 1 1
(E - ?O)U + ?o(t —to)v

» 2d Pareto’s front (the tube width and the regularity)

a(C,t) = a(Co, to) +
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Support vector regression illustration

ipport Vector Machine Regression Support Vector Machine Regression

C large C small

» there exists other formulations such as LP SVR...
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Large scale pQP

Not yet adapted
» reweighed LS
» interior points
» projected gradient
Adapted
» homotopy (regularization path) and other pQP
> active set
» decomposition
» coordinate wise (Gauss Seidel)

other: cutting plane, proximal...
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checker board

> 2 classes
> 500 examples

> separable
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a separable case

n = 5000 data points

n = 500 data points
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empirical complexity

Results for C =1 000 Results for C = 1000000
Left:y=1 Righty=0.3 Left: Left:y=1 Righty=0.3

Training
time
results

in cpu
seconds
(log scale)

_

Number of
Support
Vectors

(Iog scale)

o ow
—v— ubswa
-0 - simplesvm

Error
rate (%)

(over 2000
unseen
points)

Loosli et al JMLR, 2007
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El Tuning the kernel: MKL
m the multiple kernel problem
m simpleMKL: the multiple kernel solution
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Multiple Kernel
The model ,
F(x) =Y aiK(x,x)+ b,
i=1

Given M kernel functions K1, ..., Ky that are potentially well
suited for a given problem, find a positive linear combination of
these kernels such that the resutling kernel K is “optimal”

M
K(x,X') =Y dnKm(x,x'), with dpp > 0,> " dp, =1
m=1 m

Need to learn together the kernel coefficients d,, and the SVR
parameters «;, b.
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Multiple Kernel functional Learning

The problem (for given C and t)

min ,Zd 1%, +CZ£,
s.t. ’Zf(x, Y+ b—y
de_l, dm >0 Vm

m
regularization formulation

{f}bd _Zd || fn HH,,,—I—CZmax(}Zf xi)+b—y;
Zd’"_la d >0 Vm7

<t—|—§, ViEi >0 Vi

—t,0)

Equivalently

(pmin ZmaX(\me(X;)er—y/!—t,O) 21C T A HunﬁruZ\d |
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Multiple Kernel functional Learning

The problem (for given C and t)
Ty 33 gVl + €36

s.t. ’Zf(x, )+ b—y
de:1, dm >0 Vm |

Treated as a bi-level optimization task
min }Ziﬂf 13 —I—CZE-
{fmhbg 24 dy e !

e ) st Do fal) by
& >0 Vi
st. Y dn=1, dn>0 Vm,

m

<t—|—§, Vi&i >0 Vi

>t+& Vi
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Multiple Kernel Algorithm

Use a Reduced Gradient Algorithm?

min  J(d)
deRM

s.t. dezl, dn>0 Vm ,

SimpleMKL algorithm

setdy, =& form=1,....M
while stopping criterion not met do
compute J(d) using an QP solver with K = dnKpn
compute %, Hessian and descent direction D
7 +— compute optimal stepsize
d—d+~D
end while

— Recent improvement reported using the Hessian

2Rakotomamonjy et al. JMLR 08
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Complexity

For each iteration:

» SVM training: O(nns, + n3,).
» Inverting Ky s is O(nd,), but might already be available as a
by-product of the SVM training.

» Computing H: O(Mn2,)
» Finding d: O(M?3).

The number of iterations is usually less than 10.

— When M < ng,, computing d is not more expensive than QP.
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Multiple Kernel experiments
ALY et o ol
Single Kernel Kernel Dil Kernel Dil-Trans

Data Set || Norm. MSE (%) || #Kernel Norm. MSE || #Kernel Norm. MSE

LinChirp 1.46 £+ 0.28 7.0 1.00 £ 0.15 215 0.92 + 0.20

Wave 0.98 £ 0.06 5.5 0.73 £ 0.10 20.6 0.79 =+ 0.07

Blocks 1.96 £+ 0.14 6.0 2.11 £ 0.12 19.4 1.94 £0.13

Spike 6.85 + 0.68 6.1 6.97 £+ 0.84 12.8 5.58 + 0.84

Table: Normalized Mean Square error averaged over 20 runs.
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Conclusion

» Kernels

» sparsity Ly

» efficent algorithm
» some limits

instability
> large data sets
» when to stop
> non convexity
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Conclusion

» Kernels

» sparsity Ly

» efficent algorithm
» some limits

> instability coupling with active set
> large data sets randomize
» when to stop derive relevant bounds
> non convexity iterative L1

» more algorithms, more criteria, more applications
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Questions?

questions’?

LAR(S) (and svmpath) in R www-stat.stanford.edu/"hastie
Matlab asi.insa-rouen.fr/~vguigue/LARS.html
kernlab cran.r-project.org/src/contrib/Descriptions/kernlab.html
SVR Matlab asi.insa-rouen.fr/~arakotom

Danzig selector www.1ll-magic.org/
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» Least Angle Regression. Least angle regression, Bradley Efron, ; Annals of
statistics, vol. 32 (2), pp.407-499, 2004

» Piecewise Linear Regularized Solution Paths, Saharon Rosset, Ji Zhu. Annals of
Statistics, to appear, 2007

» Local strong homogeneity of a regularized estimator, Mila Nikolova, SIAM
Journal on Applied Mathematics, vol. 61, no. 2, pp. 633-658, 2000.

» Two-Dimensional Solution Path for Support Vector Regression, Gang Wang,
Dit-Yan Yeung, Frederick H. Lochovsky, ICML, 2006

» Algorithmic linear dimension reduction in the /; norm for sparse vectors, A. C.
Gilbert, M. J. Strauss, J. A. Tropp, and R. Vershynin, 2006 (submitted).

» A tutorial on support vector regression, A. Smola and B. Scholkopf, Statistics
and Computing 14(3), pp 199-222, 2004

» The Dantzig selector: Statistical estimation when p is much smaller than n,
Emmanuel Candes and Terence Tao Submitted to IEEE Transactions on
Information Theory, June 2005.

P An iterative thresholding algorithm for linear inverse problems with a sparsity
constraint, |. Daubechies, M. Defrise and C. De Mol, Comm. Pure Appl. Math,
57, pp.1413-1541, 2004.

P> Pathwise coordinate optimization, Jerome Friedman, Trevor Hastie and Robert
Tibshirani, technical report, May 2007.
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